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Chapter 1

Logarithms

Solutions to Exercises

1-1 Let logb = x, loga c = y, and log b = z. For Property 3, we must prove x - y = loga b/c.

Writing our first two equations in exponential notation, we have b/c = a%~y, so that loge b/c = x-y
as required. For Property 5, we wish to show that x/y = z. Once again writing the three equations in

exponential notation, we have a* = b, a = c and c² = b. Raising the second equation to the z power,

we have ay2 = ² = b = a*. Hence, yz = x, or x/y = z as desired. Finally, for the final property, let

logan bh = w, so anw = b". Raising this to the 1/n power, we have a = b, so that w = x (since a* = b

also) and Property 6 is proven.

1-2 Let a = d in Property 4; then we have

(loga b)(log°a) = (loga)(log b) = loge b,

proving the chain rule for logarithms.

1-3 First, we write all expressions in the simplest base possible. Since log3 4 = log3 22 = 2 log3 2,

we can write log3 2 = x/2. For the first problem, we note that 10 = 5.2, and we can write

log3 10 = loga 2 + loga5 =
1 x 1

-

=-+

log5 32у2

For the second problem, note that 6/5 = 1.2 and 3(2) = 6, so

x 1
log3 1.2 = log3(6/5) = log33+ log3 2- log35 =1+

2 y

1-4 Writing Property 5 backwards, we have log23 = (log10 3)/(log10 2). My calculator can do
everything on the right side of this, so my calculator can figure out log₂ 3.

1-5 Let log, y = z, so x² = y. Hence,

x108xY = x² = y.
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Solutions to Problems

CHAPTER 1. LOGARITHMS

1. Applying the chain rule repeatedly, we have (log2 3)(log3 4) = log24, (log2 4)(log4 5) = log2 5, and

so on, until finally we are just left with log28 = 3.

2. Writing the given information in the simplest base possible, we find log6 = a/2 and log 5 = b/3

(since log 36 = log 6² = 2log6 = a, for example). Thus,

a a b

log(1/12) = log(1/6) + log(1/2) = -log6 - log2 = -- (log 10-log 5) = -+3-1

Make sure you see why log 1/2 = - log 2.

3. If the graphs intersect, then 2 log x = log 2x, or log x2 = log 2x, from which we find x2² = 2x and

x = 2 or x = 0. The expressions in the given equation are clearly not defined for x = 0, so we discard

that solution and we are left with only 1 point at which the graphs intersect.

4. We've got messy expressions in our exponents. One sure way to get them out of the exponents

is to take logarithms. Taking the logarithm base 10, we find

x3

log xlogx
= 108 100

(log x)(log x) = logx³-log 100

(log  x)2 = 3logx-2.

If we let y = log x, we have a quadratic in y, for which the solutions are y = 2 and y = 1. Solving for

x (x = 10), we find the solutions x = 100 and x = 10.

5. From Property 5, p = log (log a). Hence, aP = loga.

6. From the given information, we note that 210 > 103, so that log 210 > log 103, or 10 log 2 > 3.

We also find that 104 > 213, and taking the logarithm of this base 10, we find 4 > 13 log 2. Hence, the

best we can do is 3/10 < log2 < 4/13.

7. Since 1/ loga b = log a, the sum is logx 3 + logx 4 + logx 5 = logx 60.

8. Taking the logarithm base 10 of a number will tell us how many digits the number has. For

example,  a number y with 25 digits, when written in scientific notation, is of the form x 1024, where

x is some number from 1 to 10. The logarithm of this number is 24 + log  x. Since x is between 1 and

10, 0 < logx < 1, so that [log y] = 24. Similarly, the integer part of the logarithm of any positive

integer is 1 less than the number of digits it has (remember, y above has 25 digits). (Can you make

this proof rigorous? Try using n instead of 25.) Thus, we take the logarithm of 544 in base 10, yielding

log 544 = 44 log 5 = 44(log 10- log 2) = 44(1 - 0.3010) = 30.756,

so 544 has 30 +1 = 31 digits.

9. First, we use the simplest bases possible. Since 8 = 3, we have 23P = 3 and log2 3 = 3P. Since

there are no factors of 3 in our desired expression, but 3's occur in both our known expressions, we

want to introduce 3's into log10 5 somehow. Looking over our properties, we see that division is a

good way to do this. Let's try it:

loga 5 Q Ω
log105 =

log3 10 log3  5+ log3 2Q+1/(3P)'
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Simplifying this, we find log105 = (3PQ)/(1+3PQ).

A

5

10. Set all the given logarithms equal to t. Writing these as exponential equations, we have

9t = p, 12! = q, and 164 = p + q. Taking the quotient of the first two, we have 12/9t = (4/3) = q/p.
Now we note that 164/9 = [(4/3){]2 = (q/p)² = q²/p². Going back to the original equations, we find

16 = p+q= 12' + 9'. Dividing this by 94, we have 164/94 = 12/9 +1, or

3

1+)(=)([

472

since 16/9 = (4/3)2. Letting q/p = x, this equation becomes x2 = x + 1. Solving for x (and recalling

that we want the positive value since p and q are both positive), we find x = (1+ √5)/2.

11. Letting the two logarithmic expressions equal x and writing them in exponential notation,

we have (4n)* = 40 √3 and (3n)* = 45. Dividing these gives (4/3)* = 8√3/9, from which we find
x = 3/2. Thus, (3n)3/2 = 45, (3n)3 = 452,  and n3 = 452 /27= 75.

12. Attack this just like the previous similar problem. Writing the given logarithms, all set equal to

x, in exponential form, we have 9* = a, 15* = b, and 25* = a+2b. As before, b/a = (15/9)* = (5/3)* and

b2/a² = [(5/3)²]* = 25*/9*. Combining the exponential equations, we find 25* = a + 2b = 9* + 2(15*).

Dividing by 9* and letting y = (5/3)* = b/a, we have y² = 1 + 2y, which has solutions y = 1± √2.
Finally, we find b/a = 1+ √2 since a and b are both positive.

13. From the given information, we have a = log60 3 and b = log605. Using these and many of

our logarithmic properties, we have

12[(1-a-b)/(2-2b)] = 12[(1-(log60 3+lo860 5))/(2-2log60 5)]

= 12(lo860 60-lo860 15)/(2 log60  60-2log605)

= 12(lo860 4)/(loB60 602/52)

= 12(10860 4)/(log60 144)

= 12(l081444) = 12(lo8122) = 2.

Make sure you see how we have applied our properties at each step.



Chapter 2

Not Just For Right Triangles

Solutions to Exercises

2-1 30° is in quadrant I. Since 700° = 700° -360° = 340°, it is in quadrant IV. 57t/3 is in quadrant

IV as well. Finally, -3п/5 = -3п/5 + 2п = 7п/5, which is between n and 37/2. Hence, -3т/5 is in
quadrant III.

2-2 If (1, 0) is on the x axis then it is either (1,0) or (-1,0). In either case, sin 0 = 0. In the former

case, cos = 1 and in the latter cos 0 = -1. Similarly, if (1,0) is on the y axis, x = 0 and therefore

cos 0 = 0, and sin is either 1 or -1. If the point is on the x axis, 0 is an integral multiple of . If it is

on the y axis, it is π/2 more than a multiple of π, or ηπ + π/2.

2-3 Evaluate each of these as described in the text. Pay close attention to your signs! You should
find that

2-4 Have fun!

sin 300° = -√3/2

cos 225° = -√2/2

csc 150° = 1/ sin 150° = 1/(1/2) = 2

cot5πt/3 = (cos 5π/3)/(sin 5πt/3) = (1/2)/(– √3/2) =-√3/3

tan = (sin T)/  (cos π) = 0/(-1) = 0

sec5n/6 = 1/(cos 5πt/6) = 1/(− √3/2) =-2 √3/3.

2-5 Any angle in the first or fourth quadrant has a positive cosine (since x is positive there) and

any angle in the second or third has a negative cosine. For similar reasons, sine is positive in the first

and second quadrants (corresponding to positive y) and negative in the other two.

2-6 Let 0 = LAOC. Since B is on the negative x axis, cos 0 = −OB = - cos LAOB = - cos(л - Ө).

2-7 Are you convinced? If not, keep working on it. Plug in some points.

2-8 The parent function is g(x) = sinax, so f(x) = g(x +b/a), and the phase shift is -b/a.

2-9 The answer is not n because the period of tan  x is not 2n! Look at the graph of tan  x.

repeats every π, so its period is π. Hence, the period of  tan  2x is π/2. (Graph it and see!)

It

스 6 D
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2-10 While Sin 11 = π/2, sin-11 is not single valued! For example, we can write sin 11-
Sin1=5r/2 - п/2 = 2t, so the given statement is not always true.

2-11 Since csc x = 1/sinx = -1 when x = Зп/2 + 2пп,

arccsc-1 = 3π/2+ 2пп.

Since cos n/4 = √2/2, Cos 1 √2/2 = п/4. The last is a bit trickier. We seek an x such that
(sinx)/(cos x) = - √3/3, or sinx = (- √3 cos  x)/3. Substituting this into sin² x + cos² x = 1, we

find that (4 cos² x)/3 = 1, so cos x = ± √3/2. Since Arctan  x is between -7/2 and π/2, cos  x = √3/2
and sin  x = -1/2 so x = -п/6.

2-12 Any function for which f(x) = f(-x) is even and those for which f(x) = -f(-x) are odd.

Thus, sin x, tan x, cotx, and cscx are all odd. We can see this just by noting that sin  x and tan  x are

odd. The other two are just reciprocals of these. Finally, cos x and sec  x are even. Query: How could

we deduce that tan  x is odd just by knowing that sin  x is odd and cos x is even?

2-13 Since sec(270° + x) = 1/cos(270° + x), we examine

cosine. Shifting cos x (solid line) to the left by 270° gives
cos(270° + x) (dashed line), which we see is the same as sin  x.

Thus, sec(270° + x) = 1/(sinx) = csc  x.

y

Shifting cos x to the left by π results in cos(x + π), which

we see is the reflection of cos x in the x axis, so cos(x+ π) =- cos  x.

Shifting tan  x (dashed line) to the left by 450° (resulting in the

dotted line), we see that the resulting graph is the graph of cot x

(bold line) reflected in the x axis, so tan(450° +x) = -cot x.

Finally, for sin(3π  – x), we shift sin(-x) to the right by 3π,

and the resulting graph is the same as sin  x. Thus, sin(37-x( =

sin x.

2-14 Let LBAD = a, AD = 1, and CAD = ẞ. Thus,

AB = 1/(cos a) and AC = 1/ cos ẞ, BD = tan a, DC = tan ß,
and

[ABC] = [ABD]-[ACD]
(1/2)(AB)(AC) sin /BAC

11

(a)A cos a

=

) (g) sin(a  - f) =
Multiplying both sides by cos a cos ẞ yields

-1

น
4

-2п t

(1/2)(AD)(BD) - (1/2)(AD)(DC)

sin a sin ẞ
cos a cos B

sin(a - B) = sin a cos ẞ - sin ẞ cos a.

2-15 Use the addition formula on a and -ẞ:

sin[a + (-ẞ)] = sin a cos(-B) + sin(-B) cos(a) = sin a cos ẞ - sin ẞ cos a,

where we have used sin(-x) = - sin  x and cos(-x) = cos x.

2T
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2-16 We use the same approach as above:

cos[a + (-B)] = cos a cos(-B) - sin a sin(-B) = cos a cos ẞ + sin a sin ẞ.

2-17 Let's try this in terms of sines and cosines:

cos(a - B) cos a cos ẞ + sin a sinf cot acot ẞ +1=

cot(a - B) =
sin(a - ẞ) sin a cos ẞ - sin ẞ cos a cotf - cot a

where we have divided top and bottom of the fraction by sin a sin ẞ.

2-18 We try to write these as differences or sums of angles with which we are familiar. Since

sin 15° = sin(45° - 30°), we have

sin 15° = sin 45° cos  30°  - cos 45° sin 30° V6- √2
4

Similarly,

1 1
sec(5π/12) = = =

cos(π/6 + π/4) coς π/6cоs π/4 - sin π/4sinπ/6
√6+ √2.

Finally,

√6+ √2
cos(-345°) = cos 15° = cos(45° - 30°) = cos 45° cos 30° + sin 45° sin 30° =

4

2-19 Using the half angle formula,

1-3 /1
=

√2
Cos 30° √2-√3

=

2 2
sin 15° = sin(30°/2) =

2-20 Since (√6 + √2)² = 4(2 + √3), we have √2+ √3 = (√6+ √2)/2. Putting this in one

expression for sin 15° yields the other, so the two expressions are equivalent.

2-21 We write tan  x/2 in terms of sine and cosine:

x sin(x/2) √1- cos  x
tan =+

2 cos(x/2) √1+ cos xх

We can get rid of the square roots by multiplying top and bottom by either √1 - cos x or √1+ cos  x.

The former yields tan = + + 1-c08% 1-cosx = = +1-c08x+1-eosx, and the latter gives tan= in By considering√1-cos2 x

the different possibilities for the quadrants of x, we find that we can drop the ± symbols in both

expressions for tan ž, giving
x 1- cos x sin  x

tan
2 sin  x 1 + cos x
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2-22 Yes, this is true in general. Go through the derivation in the example with a in place of 3
and b in place of 1 to see so.

9

2-23 Since sin(ax/b) repeats every 2br/a and cos(cx/d) repeats every 2dn/c, both functions
complete an integral number of periods from x = 0 to x = z if z/(2bt/a) and z/(2dn/c) are integers.
Since az/2bn and cz/2dı are both integers, the numerator of z must be an integer multiple of both
27rb and 2nd. Thus the numerator of z is at least 27 times the least common multiple of b and d. Since

az and cz must both be integers, the denominator of z can be no greater than the greatest common

factor of a and c. Putting this together, we find the minimum z when the numerator is minimized

and the denominator is maximized, or

2π [b, d]
Z=

(a, c)

2-24 We use our double angle formulas and other identities:

2 sinx-2 cos2 x sin x

(2 sin  x cos x)/ cos  x

2 sin x(1- cos2 x)
2 sin x

= √1- cos² x = sinx.

Solutions to Problems

14. Using sin x = cos(90° - x) on the first four terms, our sum is

cos2(80°) +.+ cos²(50°) + sin²(50°) +.+ sin2(80°) + sin²(90°) = 5,

where we have used sin² x + cos² x = 1 four times.

15. csc (Arcsin - Arccos) = csc(30° - 60°) = csc(-30°) = 1/ sin(−30°) = -2.

16. Taking sines of the given equation, we have sin y = x. To find tan y we need to find cos y.

From sin² y + cos² y = 1, we find cos y = √1-x2. Thus, tan y = x/√1-x2.

17. For each period of sine, the value c is attained twice. (Look at a graph of sin x to convince

yourself of this.) Since the period of sinnq is 2n/n, there are n periods of the graph between 0 and

2n. Thus,  the value c is attained 2n times.

18. The sides are sides of a right triangle since they satisfy the Pythagorean Theorem. Thus,
sinA = a/c = 3/5, sin 2B = 2sin B cos B = 2(4/5)(3/5) = 24/25, and sin 3C = sin3π/2 = -1. Our

desired sum is then 14/25.

19. Take tangents of both sides, yielding

1 = tan
π

4

2x

= tan(Arctan + Arctan) =2

x/2+2x/3

3-1- (x/2)(2x/3)

7x/6 7x

1-x2/3 6-2x2

Solving this quadratic, we find the roots x = (-7 ± √97)/4. The two principal inverse tangents in the

sum will have the same sign as x. Since their sum is positive, x must be positive, so x = (−7+√97)/4.

20. The period of the first term in the sum is 1/2 and that of the second is 2/5. Let z be the

period of the given sum. Thus, z is the smallest positive real number such that z/(2/5) = 5z/2 and
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z/(1/2) = 2z are both integers. Clearly the smallest such z is z = 2. Notice that the phase shifts and

amplitudes of the terms in the sum are irrelevant.

21. This is good practice in the use of the identities sin2x + cos² x = 1 and cos 2x = 2 cos² x - 1:

= (1- cos² x)² =sin x =
(1-cos 2x2

1-2 cos 2x + cos² 2x

4

2

(3-4 cos 2x + cos 4x)/8.

1-2 cos 2x

4
+
1+ cos 4x

8

Note that we have used the cosine double angle formula 'backwards,' as cos² x = (cos 2x +1)/2 and

cos2 2x = (cos 4x +1)/2.

22. Express the sum in terms of sines and cosines and find a common denominator:

cot 10 + tan5 =
cos 10

sin 10
+

sin 5

cos 5

cos 10 cos 5 + sin 10 sin 5

sin 10 cos 5

The numerator is the expansion of cos(10-5)! Thus our sum is

cos 5
= csc 10.

sin 10 cos 5

23. Writing the equation in terms of sin x we have sin x = 1- 2 sin2 x. Solving this as a quadratic
in sin x, we find sin x = 1/2 or sin x = -1. Given that 0 ≤ x ≤ п/2, x = п/6.

24. Seeing that the angles often have ratios of 2 or 1/2, we use the sine double angle formula,

forwards and backwards, and sin x = cos(90°-x). For the first, sin 100° = sin(180° -100°) = sin 80° =

cos 10°, so

sin 10° sin 10° sin 100° = sin 10° sin 10° cos 10° = (sin 10°)(sin 20°)(1/2)

= sin 10° sin 20° sin 30°.

For the second,

sin 10° sin 20° sin 80° = sin 10° sin 20° cos 10° = (sin 20° sin 20°)(1/2) = sin 20° sin 20° sin 30°.

For the third,

sin 10° sin 40° sin 50° =
sin 10° sin 40° cos 40° = (sin 10°)(sin 80°)(1/2)

= (sin 10°)(cos 10°)(1/2) = (sin20°)(1/2)(1/2) = sin 20° sin2 30°.

25. We repeatedly factor the equation and apply double angle formulas:

8 sin x cos x - 8 sin x cosx = 8 sin x cos x (cos x - sin x)

= 4 sin 2x (cos²  x - sin² x)(cos² x + sin²  x)

= 4 sin 2x (cos 2x) = 2 sin 4x.

Thus, 2 sin4x = 1 and sin 4x = 1/2. Since we want the smallest solution, we solve 4x = 30°, so

x =7.5°






























































































































































































































































































































































